
NUMERICAL ANALYSIS OF PROPELLER PERFORMANCE BY LIFTING SURFACE
THEORY

Davide Grassi, Stefano Brizzolara
University of Genoa, Department of Naval Architecture and Marine Engineering, Genova, Italy

SUMMARY

Current trend in propeller design led to the need for complex geometry which demands numerical analysis tools expecially
in off-design condition.
This paper presents a lifting surface analysis method based upon Kerwin theory [1].
A totally numerical formulation has been applied to the definition of blade and wake geometry. Local phenomena as tip
vortex separation and leading edge suction force are included. Viscous effect are taken into account in a semi-empirical
manner, through an added viscous resistance, dependent on the local Reynolds number of the quadrilateral blade vortex
element.
The propeller is assumed to be operating in a prescribed axial-symmetric effective wake, which may include axial, tangen-
tial and radial components. The presence of the hull, propeller hub and free surface is ignored.
Comparison are made with existing experimental and theoretical data on typical test case propeller designs whose experi-
mental date have been obtained from tests in the cavitation tunnel of the University of Genoa.
Effect of prescribed wake geometry on the predicted thrust and torque coefficients are discussed in the paper as well as the
effect of the viscous corrections. In general, for the different types of benchmarks propellers, a good agreement is obtained
on the predicted thrust value in a large range of the advance ratio (not only in vicinity of the design value). The difference
in the calculated torques will be discussed in relation to the viscous corrections formulas adopted in the numerical method.

1. INTRODUCTION

Current trend in propeller design needs an accurate com-
putational procedure to be integrated in the design proce-
dure for modern and efficient propellers and to verify their
propulsion performance. While the use of systematic results
of standard propeller families (with simple and surely not
up to date geometries) is common practice in the prelimi-
nary design phase of the propellers, in a later stage the de-
signer needs a reliable method to evaluate the performance
of contemporary designs of highly skewes or otherwise un-
usual blade shapes. Moreover it happens frequently that the
propulsion characteristics in off-design operating conditions
are to be calculated.
In the past many effort have been made to develop analysis
and design methods based on lifting surface/vortex lattice
theories mainly due to Kerwin, furtherly improved ed ex-
tended to design issues by Greeley [2]. These procedures
employs a simplified or empirically defined shape for rep-
resenting propeller wake geometry which gives good results
for moderately skewed blade geometries not too far from
their design point, while tend to overestimate thrust and
torque at low advance coefficient:in the present paper a fully
numerical wake adaption method is employed to overcome
this difficulties.
The present tools employs a discrete vortex/source line rep-
resentation of the blade,with elements located at the exact
mean surface: the effect of tip vortex separation and leading
edge suction is taken into account in a efficient and accurate
way.

The propeller is assumed to work in a inflow with radi-
ally varying axial,radial and tangential components while
the presence of the hull,free-surface and hub is ignored.
The fluid is assumed to be incompressible, inviscid and hav-
ing an irrotational flow but the effect of viscosity is ad-
dressed in a semi-empirical way by changing blade pitch and
estimating blade frictional drag.

2. FORMULATION

2.1 BLADE SINGULARITY DISTRIBUTION

The continuous distribution of sources and vorticity is re-
placed by a lattice of concentrated straight-line elements
whose end points are located exactly on the blade camber
surface. Singularities over the blade are placed in a uniform
chordwise/spanwise manner following Kerwin’s method but
this structure is composed by MxN ring vortex over each
blade (instead of placing horseshoe vortex) plus M horse-
shoe vortex located on the wake whose strength equal the
strength of the nearest ring vortex on camber surface to ful-
fil Kutta condition at trailing edge.
We start defining a cartesian coordinate system fixed in the
space on the propeller with the x-axis defined as positive
downstream,the y-axis on the key blade positive upward and
the z-axis defined to complete the right-handed system (Fig-
ure 1).
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Figure 1 Illustration of reference system and vortex lattice
structure

Furthermore a nondimensional chordwise coordinate s is
defined running from leading edge (where it is set to zero) to
trailing edge (where it is set to unity):camber f(s) and thick-
ness t(s) distribution at any radius depends on this curvilin-
ear quantity.
A cilindrical coordinate system is defined with the angle
θ measured from y-axis positive counterclockwise when
viewed from the positive direction of the x-axis. Radial co-
ordinate r is given by

r =
√

y2 + z2 (1)

The skew θm and rake xm distribution are defined in the
usual manner. In this way, each point on blade mean surface
is calculated and stored in a [(M+1)x(N+1)] matrix pv:

xc = xm + c

(
s − 1

2

)
sinϕ − fcosϕ (2)

ϑc = ϑm + c

(
s − 1

2

)
cosϕ

r
+ f

sinϕ

r
+ δk (3)

yc = rcosϑc (4)

zc = rsinϑc (5)

where δk is defined as an indexing angle (K=number of
blade), c is expanded chord lenght at radius r and ϕ is pitch
angle.

δk =
2π (k − 1)

K
(6)

The M+1 endpoints of the discrete vortices and sources are
located at radii

ρm = rH +
(R − rH)(4m − 3)

4M + 2
(7)

m = 1, 2, ...M (8)

Each chord lenght is divided into N equal intervals so that
the intersection of singularity elements at radius ρm are lo-
cated at points

sn =
n − 3

4

N
(9)

n = 1, 2, ...N (10)

The boundary condition is to be satisfied at MxN points on
the camber surface.
In order to find these points for each vortical ring the corners
of the ring are to be projected on a mean plane as follows
(Figure 2).

Figure 2
Illustration of the vortex ring element

A plane surface element is formed starting
from the four points whose identifying integers are
m,n;m+1,n;m+1,n+1;m,n+1. It is convenient to identify
the points by the subscripts 1,2,3,4 respectively. Notice that
the points are numbered consecutively around the element.
Now the two ’diagonals’ vectors are formed (T1 from point
1 to point 3 and T2 from point 2 to point 4): in general
these vectors are not mutually orthogonal. The normal to
the vortex ring is taken as the cross product of these vectors:

n =
T1 ×T2

|T1 ×T2|
(11)

The plane of the element is now completely determined if a
point in this plane is defined; this point is taken as the point
whose coordinates are the averages of the coordinates of the
four corners:

xm =
3
4
(x1 + x2 + x3 + x4) (12)

ym =
3
4
(y1 + y2 + y3 + y4) (13)

zm =
3
4
(z1 + z2 + z3 + z4) (14)

Now the vortex ring corners will be projected into this plane
along the normal vector to obtain a plane quadrilateral ele-
ment. Control point is defined as the centroid of this element
and its coordinates are stored in a MxN matrix called CP.
Source elements are defined as joining mid points of two adi-
acent chordwise vortex element: their strenght per unit area
σ(r, s) is obtained by a strip-wise application of thin-wing
theory at each radius.

σ(r, s) = (V 2
a + ω2r2)

1
2

∂t

∂s
(r, s) (15)
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where t(r,s) is the thickness distribution over the blade.
Source line strenght is obtained as follows

S(m,n) = σ̄(m,n) · b(m,n) (16)

where b(m,n) is the chordwise size of the element (m,n) and
σ̄(m,n) is the mean value for σ(r, s) over the vortex ring.
With this formulation source distribution is preventively cal-
culated, leaving the vortex distribution as the only unknown
to be solved as shown later.
Hence the source distribution on the mean surface has two
main effects on propeller performance: decreasing blade cir-
culation due to its influence in the boundary condition and
decreasing blade forces due to Lagally theorem (see 2.3).

2.2 SOLUTION FOR VORTEX STRENGTH

The fluid velocity normal to the blade camber surface at the
control point CP(p,q) due to the vortex distribution may be
written as a summation of the contributions of each discrete
singularity element:

UV(p, q) =
N∑

n=1

M∑
m=1

(V[CP(p, q),m, n] • n(p, q))·

·Γ[(m − 1)N + n, 1]

(17)

where the velocity induced by the (m,n) vortex ring whose
strenght equal unity is denoted by V[CP(p, q),m, n] and is
calculated as follows

V[x,m, n] = v[x,pv(m,n),pv(m + 1, n)]+
+v[x,pv(m + 1, n),pv(m + 1, n + 1)]+
+v[x,pv(m + 1, n + 1),pv(m,n + 1)]+

+v[x,pv(m,n + 1),pv(m,n)]

(18)

where v[x,pv(m,n),pv(m + 1, n)] is the velocity vector
induced in the control point x = CP(p, q) by the vortex line
[pv(m + 1, n) − pv(m,n)] when its circulation is unitary.
When the induced velocity vector V[CP(p, q),m, N ] is cal-
culated for vortex rings located at the edge (n=N) the con-
tribution of the horseshoe vortex in the wake is added to that
of the vortex ring.
The MxN unknows are stored in a vortex ring circulation
column Γ. It is possible to define a Influence coefficient ma-
trix CI[(MxN)x(MxN)] as follows:

CI [(m − 1)N + n, (i − 1)N + j] =
= V [CP(m,n), i, j] • n(m,n)

(19)

so that equation(17) can be expressed as follows:

UV = CI · Γ (20)

The velocity induced by the sources at each control point
may be written as

US(p, q) =
N∑

n=1

M∑
m=1

(VS[CP(p, q),m, n]·n(p, q))S(m,n)

(21)

where the velocity induced by the (m,n) source el-
ement whose strenght equal unity is denoted by
VS[CP(p, q),m, n]. Finally, with all the above formalism,
the boundary condition can be written as:

UV(p, q) + US(p, q) + ω × x + Va = 0
p = 1, 2, ..Nq = 1, 2, ..M

(22)

or

CI · Γ + US + UI = 0 (23)

which is solved to determine the MxN unknows Γ.

2.3 CALCULATION OF BLADE FORCES

Forces acting on the blade may be separated into the follow-
ing three components:

• forces acting on vortex sheet elements determined us-
ing Kutta-Joukowski theorem:

δF = ρVm ×∆lγ (24)

where Vm is the total velocity calculated at midpoint
of the vortex straight line element ∆l and γ is the total
circulation of the element.

• forces acting on sources singularities determined us-
ing Lagally theorem:

δF = −ρVmS (25)

• viscous drag forces are calculated at each radial po-
sition using a global frictional coefficient experimen-
tally determined

D = (V 2
a + ω2r2)

1
2 · 1

2
· CD · c · ρ (26)

The drag force per unit lenght is directed along inflow ve-
locity at each radial position; the frictional coefficient CD

has been taken, for the presented calculation cases, equal to
0.007.
Tip separation effect has been considered following Ker-
win’s formulation. Since chordwise vortex element are to
be force-free, it is necessary to align these segments with
the local velocity vector. The exact position would require
then to be calculated following an iterative procedure, but
in this case a simplified scheme seems to be more suitable.
Vortex ring corner points placed at blade tip are all shifted in
a direction normal to the mean surface by a quantity linearly
proportional to its position on the tip chord.
As mentioned before the maximum displacement at tip trail-
ing edge is calculated following a semi-empirical rule; the
pitch angle of the trailing vortex at the blade tip is computed
as

β̄ =
1
2

(β + βT ) (27)

where β is given by

β = arctan

(
VA

ω · R

)
(28)
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and βT is the pitch angle of the transiction wake.
The effect of tip vortex separation is in the sense to increase
propeller thrust/torque at low advance coefficient, while its
effect is negligible around the design advance coefficient. A
more accurate way to model this phenomena, perhaps still
based on empirically derived geometrical characteristics, is
auspicated and would permit an accurate determination of
the load distribution close to the blade tip.

2.4 VISCOUS CORRECTIONS

To take into account the lift reduction caused by viscosity,
the pitch angle of the section is reduced by an amount calcu-
lated with the following formula:

∆α = 1.9454
(

t0
c

) (
f0

c

)
(29)

Leading edge suction effect has been treated following Ker-
win’s formulation;the chordwise component of the force ex-
erted on the spanwise vortexes at the leading edge is multi-
plied by a ”suction efficiency factor” whose values has been
taken equal to 1/3.

2.5 WAKE GEOMETRY

An accurate determination of the geometry of the trailing
wake plays an important role in the analysis problem, es-
pecially for off-design advance coefficients. Several crite-
rias have been used in the past to take into account the wake
contraction and the axial variation of the pitch angle; this last
quantity considerably affecting the propeller performance in
terms of thrust and torque. Kerwin and Lee [1] employed a
semi-empirical model which features wake observation in-
cluding tip/hub rollup: later Greeley and Kerwin [2] devel-
oped a partially numerical formulation that allows for the
alignement of the pitch of the trailing vortexes. As already
noted, the results presented in the previous sections were ob-
tained with a Kerwin’s like representation of the wake, in
which the trailing vortexes are divided into two parts:

• a transition region where the wake experience a con-
traction and its free vortexes are rolling around the tip
vortex and ,

• an ultimate wake region composed by two isolated
tip/hub vortexes as a result of the complete roll up pro-
cess.

The geometrical parameters quantifying the above men-
tioned wake shape modification are defined on the basis of
parameters measured throught experimental tests and hence
are stricly valid for a propeller whose wake is know a priori.
in reality In this scheme a strong rolling up is modeled in
the transition wake region while , as noted already by Gree-
ley throught experimental observations, the wake does not
roll up completely. To solve the problem of undetermination
of the wake shape, allowing at the same time for its correct
modeling, a fully numerical procedure has been developed
and will be presented in the next section.

2.6 INFLUENCE OF NUMBER OF BLADE ELEMENT

To establish the influence of the resolution of the discrete
vortex lattice elements on the blade circulation, primary re-
sponsible of propeller dynamic characteristics, a one blade
DTMB 36-deg skew propeller whose geometry is given in
reference[1] has been tested; the results are compared with
those obtained by Kerwin and showed in Figure 3 where
blade circulation is given in the following non-dimensional
form:

Γ∗ =
Γ

2πRUR
1000 (30)

and UR is inflow velocity at 0.7R. The program was run first
with 9-spanwise/10 chordwise lifting rings and then num-
ber of elements was doubled first in chordwise direction and
then in spanwise direction respectively. As clear from the
graph of figure 3 a satisfactory convergence has been ob-
tained. The number of spanwise panels seems to have a no-
ticeable effect probably due to the position of the tip vertex
placed at trailing edge: in fact this point is shifted signifi-
cantly toward midchord when the number of elements along
the span increases. This effect might be reduced by chang-
ing the spacing rule (e.g. by keeping fixed the position of tip
elements when increasing spanwise number of panels).

Figure 3 Circulation distribution over radius with various
lattice arrangements

2.7 PRESENTATION OF RESULTS

The present program was run with a systematic series of
six 5-bladed propeller plus a zero-skew 3-bladed propeller
whose geometry is given in [1]. The mentioned series is
composed by a zero-skew parent propeller and three varia-
tions with skew ranging from 36 deg to 108 deg, plus two
”warped” propellers in which the skew-induced rake has
been compensated by a negative rake distribution, for ob-
taining zero total rake. The comparison among present the-
ory calculations, Kerwin’s model results and DTNSRDC ex-
perimental results is presented in the graphs of Figures 4-10.
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Figure 4 Comparison of predicted performance with
propeller DTMB 4118

Figure 5 Comparison of predicted performance with
propeller DTMB 4381

Figure 6 Comparison of predicted performance with
propeller DTMB 4382

Figure 7 Comparison of predicted performance with
propeller DTMB 4383

Figure 8 Comparison of predicted performance with
propeller DTMB 4384

Figure 9 Comparison of predicted performance with
propeller DTMB 4497
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Figure 10 Comparison of predicted performance with
propeller DTMB 4498

In order to compare the present numerical method with
the original Kerwin’s one, a plot of chordwise circulation for
propeller 4118 at r/R=0.684 for several advance coefficients
is shown in Figure 11. In general the curves show a very
good agreement between the two numerical models, even
at relatively low advance coefficients, where the prescribed
geometry of the wake and the tip vortex detachment model
(thorugh the mentioned Kerwin’s) play an important role.

Figure 11
Comparison of predicted chordwise loading distribution

with Kerwin theory

As before it is computed a non-dimensional form of chord-
wise circulation Γ∗S .

Γ∗S =
ΓS

2πRUR
1000 (31)

At design advance coefficient J=0.833 the predicted distri-
bution very well matches the theoretical curve given for a
mean line a=0.8, as it was expected being the propeller de-
sign (performed with a lifting surface method) based on this
camber line shape.

The present theory seems to agree very well with Kerwin
theory except for highly skewed propellers where a sub-
stantial difference exist between the predicted Kq values.
Moreover present calculations show an even greater differ-
ence with the experimental values with respect to those pre-
dicted by Kerwin’s method. The thrust value obtained by the
present program is in good agreement with Kerwin’s values
of each skew distribution. A comparison between present
results and DTMB tests shows the same trend showed by
Kerwin’s work: the code works well for propeller with zero
rake, zero skew and the two warped propellers while a con-
sistent trend in overprediction of thrust and torque is showed
with propeller having large skew induced rake.

3 WAKE ADAPTION PROCEDURE

This second part of the paper presents the results obtained
with a new, totally numerical, method which solves the
problem of the wake geometry pre-determination, leaving
its trailing vortexes free to rollup and contract over a given
lenght downstream. The wake geometry is correct when it
is force-free that is (following Kutta-Joukowsky theorem)
when streamlines are aligned with local velocity; since in-
duced velocity depend on wake shape the procedure is iter-
ative and usually converges quite rapidly. Moreover blade
circulation depends in turn on wake geometry so that a dou-
ble iteration is needed to obtain the correct result. The pro-
cedure is illustrated in the flow diagram of Figure 12.

Figure 12 Wake adaption procedure
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The program employs a simplified wake geometry which is
composed by the following elements:

• a transition region (whose axial extent is set to 1.5R)
where radius and pitch depends on axial and radial
coordinate where induced velocities are calculated for
adaption procedure;

• a ultimate region composed by a cylindrical wake
shape whose pitch (function of radius) is set equal to
those calculated at the end of the transiction region.

Computation starts by approximating the trailing wake sheet
by pure helical surface with a prescribed pitch angle β(r)
obtained either from undisturbed inflow βinflow(r) or from
the blade pitch angle φ(r). Each trailing vortex is replaced
by a sequence of Nw+1 grid points whose cilindrical co-
ordinates are calculated and stored in a [(M+1)x (Nw+1)]
matrix.
After solving equation (23) for circulation distri-
bution the program calculate the induced velocities
(ua(rTE , x), ut(rTE , x), ur(rTE , x)) in cylindrical coor-
dinates) at a limited number of points (usually ten axial
position for each trailing vortex) in the transiction wake and
interpolate to evaluate the induced velocities at other loca-
tions. The subscript TE identify the radius of the trailing
vortexes detaching from the trailing edge of the blade.
The pitch of the new trailing vortex shape is now obtained
as follows:

βN (r, x) = β+k ·
{

β − tan−1

[
VA + ua(r, x)
ωr + ut(r, x)

]}
(32)

while slipstream contraction at each axial and radial position
(referred to trailing edge radius) can be written as:

rN (rTE , x) = rTE+k·
∫ x

xT E

tan−1

[
ur(rTE , x)

ua(rTE , x) + VA

]
dx

(33)

Where k is a relaxation factor take equal to 0.3.
The values for pitch and radius of the ultimate wake region
is obtained as follows:

βU (r) = β+k ·
{

β − tan−1

[
VA + ua(r, 1.5R)
ωr + ut(r, 1.5R)

]}
(34)

rU (rTE) = rTE+k·
∫ 1.5R

xT E

tan−1

[
ur(rTE , x)

ua(rTE , x) + VA

]
dx

(35)

After the alignment sequence, the average pitch appears to
be higher than that initially set as equal to the inflow velocity
pitch, due to effect of the axial and tangential induced veloc-
ity components. Once a satisfactory convergence on wake
pitch/radius has been achieved (usually it takes five adaption
steps, depending on relaxation factor), the program solves
the equation (23) again to find a new distribution of blade
circulation and the wake alignment procedure can be started

and repeated again. A measure of the success of this adap-
tion procedure is given by the fact that the final value of the
wake pitch does not depend on the one initially assumed.
Every new wake geometry, a calculation is made to find the
exact position of the tip vortex collection point, following
equation (27). The method ends when a satisfactory conver-
gence on circulation is obtained.

3.1 PRESENTATION OF RESULTS

The program was run for one of the propeller geometries
already presented in the first part of this paper (e.g. 4118)
plus a new geometry developed at Netherland Ship Model
Basin (given in ???) characterized by a unusual distribution
of skew and rake. The global results in terms of predicted
thrust and torque coefficient are showed in the graphs of
Figures 13-14.

Figure 13 Comparison of predicted performance with
propeller DTMB 4118

Figure 14 Comparison of predicted performance with
propeller NSMB 5363
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4 CONCLUSION AND FURTHER PROSPECTS

A lifting surface method for the analysis of the dynamic
characteristics propeller in uniform and stationary inflow has
been presented in the paper. A calculation program has been
initially developed according the Kerwin’s method.
The results obtained with this initial method agree well with
experimental KT-KQ curves for a wide range of test pro-
peller analyzed. A certain overprediction of the thrust and
torque is noted at lowest advance coefficient (off design con-
ditions) for propellers with high skew, whose induced rake
is not componsated by added rake. The same trend has been
found on the same geometries with previous similar methods
(i.e. Kerwin). Also the distribution of circulation along the
chord and span is well in agreement with the numerical re-
sults obtained with similar methods, confirming the correct
development of the present numerical model.
Aside the more traditional approach that follows the method
of Kerwin, the authors developed a new method for wake
relaxation to extend its applicability to propeller geometries
with unusual shape, for which the wake geometry empirical
parameters are not known a priori.
The procedure adopted for the wake relaxation demontrate a

good convergence toward the equilibrium shape.
The results obtained with the new free-wake method are fol-
lowing as a trend the previous one, with an unexpected over-
prediction of thrust and torque at low advance coefficients.
This effect is currently under investigation as probably due
to an overprediction of the pitch angle of the free vortex fil-
ament in the wake.

Further development of the method are foreseen in the
following fields: application to the case of contra-rotating
propellers, extension of the method to consider cavitation
and non-stationary inflows.
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