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SUMMARY 
 
Hydrodynamic modelling of the trailing vortex wake of a propeller is one of the key factors in the development a 
consistent propeller theory: the influence of the wake flow modelling becomes significant for a propeller operating below 
design point, when the wake pitch is small and the trailing vorticity tends to be packed close to the propeller disc. Wake 
flow modelling is also important for a correct prediction of cavitation inception, especially of the interest is in the tip 
vortex flow characterization. Another field of interest is the analysis of the mutual interactions between propellers and 
others components, as in the case of propeller/rudder, propeller/propeller and pod configurations. The present work 
presents three main theoretical/numerical techniques adopted in the propeller surface panel method developed at the 
University of Genoa. The first is an iterative pressure Kutta condition able to ensure a zero pressure jump along the trailing 
edge. The second is a fully numerical wake alignment algorithm (instead of mixed numerical - experimental algorithm) 
able to accurately model the highly rolled-up regions. The predicted wake shapes are shown to converge and to be 
consistent with those predicted with other methods, on a number of experimental/theoretical studies made on different 
wings. Finally, the wake alignment algorithm is coupled with the boundary element method in order to estimate wing and 
propeller bound/trailing vortex interaction. Predicted forces, circulation distributions, and tip vortex trajectories are shown 
to agree well with those measured in experiments, in the case of an elliptical wing, for which a large series of reference 
data are available and in the more particular case of a marine propeller. 
 
1. PANEL METHODS FOR LIFTING BODIES 
 
1.1. THEORETICAL BACKGROUND 
 
With the assumption of an inviscid irrotational and 
incompressible fluid, the flow field around an arbitrary 
body may be expressed in terms of a scalar total potential 

of the velocity field, such as Φ , which also 
satisfies the Laplace equation:           

            (1) 

Where Φ  is the sum of the perturbation potential and the 
potential of the undisturbed field: 

         (2)  

The same problem can be written in terms of scalar total 
internal potential describing the flow field internal to the 
considered body: 

         (3) 

With: 

         (4)  

This equation can be solved in the potential flow region 
delimited by the body surface SB, by the trailing wake SW 
and extended to infinity, with the addition of a number of 
boundary conditions. 
On the body surface the non-permeability condition yields: 

                      (5) 

The trailing wake represents a zero-thickness layer where 
the vorticity generated on the body surface is shed 
downstream at the body trailing edge. In the framework of 
potential flows, this vorticity layer determines a 

discontinuity surface for the velocity potential, while the 
pressure and normal component of perturbation velocity 
must be continuous through it,  so: 

        (6) 

and for Bernoulli (for stationary flow): 

       (7) 

A further condition on Φ  is required in order to ensure 
that no finite pressure jump may exist at the body trailing 
edge: this is the so called “Kutta condition” that can be 
forced in two different way, following the linearized 
condition proposed by Morino (1974) or using an iterative 
scheme as for instance proposed in this paper. The details 
of these two conditions will be discussed in detail in the 
next sections, being an important aspect that influences the 
vorticity trailed in the wake. 
 
The solution of the Laplace equation can be obtained using 
a boundary integral formulation: a classical approach is 
based on Green’s third identity applied to the internal and 
the external total potential. This, together with boundary 
conditions, for a point P  yields to: 

      (8) 
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Remembering that: 
 

                                    (9)   
 
equation (8) can be rewritten taking into account only the 
perturbation potential in a way such that: 
 

 

 
 
 
 
 
                     (10) 
 
Where K is a constant equal to 2 if the point p lies on the 
body surface or equal to 4 if the point p is a generic point 
in the fluid domain, and φΔ is the potential jump between 
the up and the low face of wake. 
 
1.2. NUMERICAL IMPLEMENTATION 
 
Equation (10) is the starting point for the numeric solution 
of the problem: if the arbitrary internal body potential iφ  is 
set to zero, equation (10), with the same meaning for K, 
becomes: 
 
 
 
 
                     (11) 
 
Because the internal potential has been set to zero, for 
every point p on the boundary body surface the potential 
has to be zero: 
 

                  (12) 
 
Setting: 
 

  
 

 
 
equation (12) can be used to express the zero internal  
potential on the body surface as a superposition of known 
constant sources σ (due to boundary conditions) and 
unknown constant dipoles μ distributed over each 

quadrilateral panel that approximate the body and the wake 
surfaces (the boundaries of the considered domain): 
 

                  (13) 

That, in terms of influence coefficients, takes the form of: 

                                      (14) 

Where N is the number of panels on the body surface and 
NW the number of panels on the wake. 
Equation (14) represent a linear system of N equations  
(one for every control point where boundary conditions are 
forced) and N + NW unknowns dipoles, so it’s necessary to 
impose further conditions to solve the problem. 
 
2.  KUTTA CONDITION 
 
The typical flow around lifting surfaces is characterized by 
a smooth detachment of the streamlines at the trailing edge 
of the wing, avoiding an infinite velocity on it. The way to 
impose this condition is to adequately regulate the intensity 
of the trailed vorticity. A well known method is the 
linearized one proposed by Morino (1974) or alternatively 
an non linear one, as for instance that better described in 
the next section. 
 
2.1 MORINO KUTTA CONDITION 
 
A way of verifying the Kutta condition is to impose that 
the tangential velocities at the trailing edge, computed on 
the upper and lower of the body surface, are equal. Using a 
local curvilinear coordinate system (figure 1), this means 
that: 

                               (15) 

And, in discrete form: 
 

                  (16) 

That yields to: 

                 (17) 

Where s is the local chordwise curvilinear coordinate,Φ  is 
the total potential (on the body at trailing edge or on the 
wake, depending on subscripts, for the upper and the lower 
surface), φ  is the perturbation potential, rT.E. is the vector 
between trailing edge up and low control points and the 
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product  is the difference between total and 
perturbation potentials. 
Remembering that, for the steady case, dipoles intensity is 
constant along longitudinal strips downstream of trailing 
edge, linear system (14) can be rewritten, introducing a 
single cumulative influence coefficient for all the wake 
panels along a wake strip and collecting influence 
coefficient multiplying the upper and lower dipole 
intensity at the trailing edge, in the following compact 
form: 
 

                              (18) 

where: 
 

 
                 (19) 

and Cj is the influence coefficient on the j-th panel due to 
the wake strip downstream the local trailing edge panel. 
System (18) is now a linear system of N equations in N 
unknowns: the dipoles strengths on the lifting body panels. 

 
2.2 ITERATIVE KUTTA CONDITION 
 
A more consistent way to impose Kutta condition in 3D 
flows with strong cross flow effects can be achieved 
through a non linear condition, based on an iterative 
scheme. The Morino Kutta condition is, essentially, a two-
dimensional condition: it sets wake dipoles intensities, for 
each wake strip, equal to potential jump of corresponding 
trailing edge panels, and this jump is related only to 
tangential velocities projected on the local s chordwise 
coordinate. 
  

s 

n 
η 

ε 
VL 

VU VU
n

VL
n

VL
s
,VU

s

ψ 

 
Figure 1 

Local coordinate system at trailing edge 
 
For a three-dimensional problem, this approach is 
theoretically not sufficient: at trailing edge the cross flow 
effect is not negligible; hence the velocity vectors at 
trailing edge do have also non zero components along the 
spanwise local coordinate n. So, to obtain a zero pressure 
jump at the trailing edge, it is necessary to impose that the 
spanwise velocity components (not only the chordwise 
ones, as done in Morino Kutta condition), computed on the 
upper and on the lower wake/body surfaces, are equal: 
 

                    (20) 
 

                                                                         (21) 
 
This means that the wake dipoles strength can not be 
correlated only to the potential jump of the corresponding 
panels at the trailing edge of the blade but it is necessary to 
obtain a distribution such that spanwise velocity 
components satisfies equations (20) and (21). In a more 
general way, dipoles strength on the wake depend on the 
influence of all the singularities on the body while 
spanwise velocity components belong to this influence. 
Each cumulative dipole strength (one for each wake strip) 
on the wake has to be calculated in order to take into 
account “lateral” dipoles influence: a linear relation 
between influence coefficients like that obtained with the 
Morino Kutta condition (equation (19)) can not be written 
and the problem becomes a weakly non linear one that can 
be efficiently solved by an iterative scheme. 
Dipoles intensities on the wake can be evaluated, at first 
step, using the Morino Kutta condition that is used to give 
an initial conditions for the iterative scheme. During next k 
steps, wake dipoles intensity can be modified by a quantity 
proportional to previous pressure jump and obtained with 
the application of a numerical Newton – Raphson scheme 
able to find the zeroes of non linear system of equations. 
So, at each iteration, the wake dipoles intensities can be 
evaluated using: 
 

              (22) 
 
Where K is the non linear constant obtained from the 
iterative non linear scheme. 
 
3. WAKE ALIGNMENT 
 
The geometry of the wake is also an item of primary 
concern for the correct imposition of the Kutta condition 
and ultimately for the correct prediction of propeller 
dynamic characteristics. 
The zero force condition that must be forced on the wake 
can be expressed, in infinitesimal notation, from the Kutta 
- Joukowsky law, as: 
 

                    (23) 
 
which through a series of analytical passages leads to the 
following condition: 
 

              (24) 
 
it derives that, for a steady problem, dipoles intensity has 
to be constant along streamlines and that wake surface 
must be aligned with local velocity ( ). So the  
exact location of the wake surface is not known a priori 
because local velocities depend from solution that can be 
computed only if a wake shape is known, and may be in 
turn determined as a part of the flowfield solution: it’s 
necessary, first, to compute the perturbation velocity field 
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in the wake region and, then, to move, using a Lagrangian 
scheme, wake discretisation points according to the 
computed local velocities. 
The induced velocity on the trailing wake panels can be 
computed by using the Green’s formula, since the dipole 
and source strengths on the wing and the dipole strengths 
of wake panels are already known from the first solution 
with assigned wake shape. 
The induced velocity on the wake surface is given by: 
 
 
 
 
                                                                                        (25) 
 
Then, the total velocity on the wake can be obtained 
adding to the induced velocity components, those due to 
the undisturbed flow:  
 

                    (26) 
 
Due to the steadiness of the problem, the dipoles 
distribution on the wake can be replaced with an equivalent 
vortex rings distribution of constant strength along each 
wake panel strip, which in turn then can be simplified with 
equivalent vortex filaments. To apply this transformation 
the following equivalence of the induced velocities 
between the two elements (vortex ring and constant dipoles 
panel) is exploited: 
 

                                      (27) 
 
the induced velocity can be, then, rewritten as: 
 

          (28) 
  
Where the last integral represent the vortex induced 
velocity by the Biot-Savart law. This expression is singular 
as r goes to zero: in order to overcome unphysical trends 
and to reduce numerical instabilities, a simple cut-off 
algorithm is employed and vortex velocities are neglected 
if the distance between vortex line and control point is 
smaller than an appropriate distance. 
In its discrete form, the formula to calculated the induced 
velocity is given by: 
 
 
 
 
 

                (29) 
 

Where N is the number of panels on the wing, NS is the 
number of spanwise sections, NW the number of segments 
of each vortex filaments shed by the wing. 

 
 

Figure 2 
Initial wake shape, t=0 

 

 
 

Figure 3 
Wake geometry after applying step 2 and 3 of the alignment 

algorithm until the third row of panel (t=3Δt). In grey aligned 
panels 

 
 

  
 

Figure 4 
As previous figure but alignment is done up to the sixth panels 

row (t=6Δt) 
 
 

 
 

Figure 5 
As previous figure but alignment is done up to the ninth panels 

row (t=9Δt) 
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In order compute the aligned wake, a relaxation algorithm 
is implemented follow previous works by Morino (1977), 
Plotkin (1986) and Pyo (1997). To accelerate the iteration 
process, an idea similar to that in over-relaxation schemes 
is adopted for the first iteration. In the first iteration the 
calculation of the wake surface is proceeding from the first 
station to the last station downstream of the trailing edge as 
follow: 
 
1. Solve the boundary value problem with the arbitrary 

wake 
2. Compute the induced velocities at the control points of 

the first row of panels/segments in the wake using 
equation (27) and move the first row of panels to the 
second row using a first order Euler scheme: 

 
                 (30) 

 
Where subscript m stands for current wake strip, i for 
current panels row on wake and  is a “virtual time 
step” given by: 

tiΔ

 

                    (31) 
 

3. Adjust the downstream wake shape so that it has the 
same shape as the wake at the previous i row, 
imposing that ym.k = ym,i and zm.k = zm,i  for k=i+1,…NW 

4. Repeat step 2 and 3 until the last row of panels. With 
this initial geometry, compute induced velocities at all 
the control points in the wake, move the panels all 
together and repeat this calculation until convergence.  

An example of the evolution of the alignment procedure at 
four different time steps is presented in the graphs of figure 
2, 3, 4 and 5.  

 
4. RESULTS: POTENTIAL FLOW SOLVER AND  
KUTTA CONDITION 
 
Results from present method need to be validated with 
analytical results available for simple geometries and with 
other numerical and experimental results available on 
literature. In particular, it is necessary to investigate about 
the influence of different Kutta conditions, in order to 
verify plausible physic behaviour  for the numerical 
iterative scheme adopted. 
The first comparison is made with the analytical solution 
valid for the chordwise distribution of the pressure 
coefficient on an ellipsoid wing tested at zero angle of 
attack with semi length of its axes equal to a = b = 1 and c 
= 0.1. The analytic expression for the perturbation velocity 
potential on the surface is given by Lamb (1932). Figures 6 
and 7 show the comparison between the pressure 
coefficients along transversal section for different location 
along wing span. The agreement is excellent, except for 
sections close to tip. 
Another validation case is represented by a circular 
planform wing with a NACA four digit section at an angle 
of attack of 0.1 radian. Analytic results for the lifting 
circular wing with zero thickness was given by Jordan, 

which can be a standard comparison for the present method 
as thickness goes to zero.  
As per figure 8, the computed circulation shows a good 
agreement with analytical results as far as the thickness 
reduced to go to the zero theoretical limit. 
The circular wing can be useful also for validate the Kutta 
condition. Figures 9 and 10 show pressure coefficient jump 
between face and back of the circular wing for a section 
near the wing tip (y/s = 0.916) for two different choices of 
maximum thickness to chord ratios: 0.01 and 0.05. 
  

 
Figure 6 

Chordwise pressure distribution of the ellipsoid (a = b = 1,           
c = 0.1) at r/R = 0.40 

 

 
Figure 7 

Chordwise pressure distribution of the ellipsoid (a = b = 1,           
c = 0.1) at various r/R 
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Figure 8 

Thickness effect on the radial circulation distribution for the 
circular wing (α=5.73°) 
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Figure 9 

Pressure coefficient jump for the circular wing, NACA 0001 
profile, α=5.73° 

 
 

 
Figure 10 

Pressure coefficient jump for the circular wing, NACA 0005 
profile, α=5.73° 

 
As the thickness increases, the Morino Kutta condition is 
not able to allow for the correct velocity distribution at the 
trailing edge (in its cross-flow component) and the 
pressure jump goes not zero as it should be. Instead, the 
application of the iterative Kutta condition is able to ensure 
a zero pressure jump between wing face and wing back, in 
all the examined cases. 
An exemplary result is given in figure 11, which shows the 
comparison of the pressure coefficient distribution, 
calculated with the Morino and with the iterative Kutta 
condition, along chordwise, at a section close to the tip: the 
iterative approach granys a closure of the CP diagram, 
avoiding evident crossing of the back/face CP distribution 
obtained with the linear approach. 
 
 

 
Figure 11 

Pressure coefficient distribution for the circular wing 
 
 
 

5. RESULTS: WAKE ALIGNMENT 
 
5.1 CONVERGENCE TEST 
 
The first issue for the alignment algorithm is the 
convergence test with number of iterations, number of 
spanwise panels on wake NS and number of panel “rows” 
NW on the wake. The number of chordwise panels on the 
wing seems not to significantly influence the convergence, 
so its effect has not been investigated. 
Figures from 12 to 14 show result of convergence tests 
with number of spanwise sections, rows on wake and 
iterations. 
The alignment algorithm shows good convergence 
proprieties with respect to the parameters governing the 
wake and wing discretization. In particular it is possible to 
identify a better resolution of the tip roll-up with the 
increase of longitudinal and trasversal number of panels. 
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Figure 12 

Convergence for a rectangular wing AR 8, α=10°,               
NW=40, (xW-x)/c=9 
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Figure 13 

Convergence for a rectangular wing AR 8, α=10°,                
NS=50,   (xW-x)/c=9 
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Figure 14 

Convergence for a rectangular wing AR 8, α=10°, NW=40, NS=40, 
(xW-x)/c=9 
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5.2 ANALYSIS OF RESULTS 
 
Results from alignment algorithm have been validated 
using Morino’s numerical simulation on rectangular wings 
and experimental measurements on elliptic wings.  

XY

Z

 
Figure 15 

The converged wake geometry behind a rectangular wing:        
AR 6, α=10°, NACA 66 profile with t/c =0.12 

 
The geometry of the wake sheet is compared to that 
presented by Suciu’s and Morino’s (1977) at two axial 
position, located 4 and 9 times the wing chord downstream 
of the wing trailing edge. The reference method uses 
constant strength singularities distributed on hyperboloidal 
panels, while the present method uses constant 
singularities over quadrilateral panels, each one in turn 
subdivided in five planar sub-panels. 

 
Figure 16 

Wake cross section at  (xW-x)/c=5 rectangular wing, AR 8, α=10° 
 

 
Figure 17 

Wake cross section at  (xW-x)/c=9 rectangular wing, AR 6, α=5° 
 

 
Figure 18 

Wake cross section at  (xW-x)/c=9 rectangular wing, AR 8, α=5° 

 
Figure 19 

Wake cross section at  (xW-x)/c=9 rectangular wing, AR 8, α=10° 
 

The comparison shows a smooth behaviour of the roll up 
region and a good agreement between the reference 
numerical results: in particular, even though the size of the 
roll up region is sometimes different, the tip vortex core 
and the rest of the wake sheet are very close. 
 

 
Figure 20 

Wake contraction for an elliptic wing, AR 3, NACA 66 profile 
with t/c =0.12, α=15°: comparison with experimental data 

 
Comparison with experimental data in the case of the 
elliptic wing also shows a good agreement, as arguable 
from figure 20, in which a plan view of the trajectory of 
the tip vortex core is compared with the experimental 
measurements and other numerical results obtained by Lee 
H. (2001). 

 
Figure 21 

Thrust and Torque coefficients for the DTMB 4119 propeller due 
to different wake pitch 
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Figure 22 

Comparison between aligned wake starting from different initial wake pitch. 
 

 
Figure 23 

Thrust and Torque coefficients for the DTMB 4119 propeller 
after alignment 

 
6. APPLICATION TO A MARINE PROPELLER: 
THE DTMB 4119 PROPELLER 
 
Hydrodynamic modelling of the trailing vortex wake of a 
propeller is one of the most important factors in developing 
a consistent propeller theory: wake shape is  important for 
cavity inception and tip vortex cavitation investigations 
and for the analysis of the mutual interactions between 
propellers and others components, as in the case of 
propeller/rudder, propeller/propeller and pod 
configurations.  
In a potential approach to the propeller problem, lift/thrust 
generation is connected to the amount of vorticity 
generated on the body surface and shed downstream via 
the Kutta condition. The influence of wake shape on 
circulation is more pronounced for propeller than for 
lifting bodies like planar wing (as indicated by Morino 
(1977)), so wake alignment with local flow is a crucial 
feature for a robust propeller flow code. 

 
Figure 24 

Pressure coefficient distribution for DTMB 4119 propeller at    
r/R = 0.3 

 
The DTMB 4119 propeller, a standard three blade 
propeller without skew and rake, has been used to validate 
the developed panel method and to estimate the effect of 
the wake alignment. 
As shown in figure 21, the thrust and torque coefficients 
strongly depends on the arbitrary pitch used to  model the 
“rigid” initial wake. 
The wake alignment algorithm can be applied to the 
propeller problem in order to obtain a wake geometry 
independent from the initial assumption: the induced 
velocity components are given by the same equations used 
for planar wing, and the total velocity can be calculated 
adding to them the inflow velocity: 
 

                   (32) 
 
Figure 22 shows the aligned wake obtained after 
convergence, at the design advance coefficient, starting 
from two different initial wake shapes: the first (up) is the 
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aligned wake obtained from an initial wake pitch of 0.7D , 
the second (down) is the aligned wake obtained from an 
initial wake pitch of 1.4D. As clearly visible, the algorithm 
is able to predict a relaxed wake that almost converges to 
the same shape, despite the initial pitch choice: after the 
wake alignment, also thrust and torque coefficients result 
independent from the initial wake pitch choice and are very 
close to experimental data for a wide range of advance 
coefficient, as presented in figure 23. 
Figure 24 presents pressure distribution on the blade 
section at r/R=0.3, predicted with the current method 
against other similar numerical computations and 
experimental measurements. The results of the different 
numerical methods show a good overall agreement among 
them, while they show generally a certain gap with the 
measured pressures along the profile. This may be due to 
the effect of the boundary layer, probably not negligible 
for blade root profiles, normally rather thick. Finally, 
present numerical CP distribution of figure 24 highlights 
how the application of the iterative Kutta condition is able 
to effectively realize a zero pressure jump at the trailing 
edge. 
 
7. CONCLUSION 
 
The paper presented in detail a method to include nonlinear 
effects due to trailing vorticity on the hydrodynamic 
characteristics of lifting surfaces, such as wings and 
propellers. The advantages of using an iterative Kutta 
condition have been evidenced in the paper in several test 
cases for wing and propeller geometries. The non-linear 
condition at the trailing edge is not only able to reproduce 
a more physically correct pressure distribution on the 
blade, but ultimately influences also the dynamic force 
acting on the lifting surface; especially in the propeller 
case the difference is not negligible. 
Related to the condition at the trailing edge is the 
geometrical shape of the wake. The details of the 
numerical method used have been presented in the paper 
and results of the predicted relaxed wake shape have been 
compared with theoretical and experimental results mainly 
in the case of wings, where reference data are available. 
The efficiency of the proposed aligning method has been 
demonstrated also in the case of a propeller, for which the 
relaxed (final) mean pitch in the wake predicted by the 
present method is independent from the pitch initially 
assumed. The results of predicted global dynamic 
characteristics, such as thrust and torque in case of 
propellers, depend considerably from the modelled wake 
geometry and they become satisfactorily close to the 
experimental values when the relaxed wake shape is used, 
instead of an arbitrary chosen one.  
Further comparison and calculations are currently under 
execution to extend the number of validation cases for the 
developed method. Further developments are foreseen to 
include the non-linear method for the trailing edge 
condition and wake alignment into the non-stationary 
version of the method, actually under development. 
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